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Abstract - -We show that every solution of the difference quation 
Xn+l=max~ 1 ,  A ~, n=0,1  . . . . .  
( Xn Xn--l J  
where the parameter A and the initial conditions x-1 and xo are nonzero real numbers is eventually 
periodic with period 2, 3, or 4. We also give a precise description of the period in terms of A and the 
initial conditions. ~) 1998 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Consider the difference quation 
{1 
Zn+ 1 = max , , n = 0, 1,. . . ,  (1) 
Xn-1 
where the parameter A and the initial conditions x-1 and x0 are nonzero real numbers. We show 
that every solution of equation (1) is eventually periodic with period 2, 3, or 4, and we determine 
the period in terms of A and the initial conditions. 
Another example of a difference quation with the property that every solution is eventually 
periodic is 
xn + xn-1 if (xn + xn-1) is even, 
x ,+1 = 2 ' n =0,1 , . . . ,  (2) 
xn - xn-1, if (x, + x , - l )  is odd, 
with initial conditions in the set Z of all integers. Equation (2) was investigated by Clark and 
Lewis [1] who proved that every solution is eventually constant or eventually an integral multiple 
of the six cycle {1, 3, 2, -1, -3, -2}. 
It was also conjectured in [2] that every solution of the difference quation 
axn + #xn-1 if ( axn +/~xn-1) is even, 
Xn+l = 2 ' T'/, ---- O, 1 , . . . ,  (3) 
"Vxn + 8xn-1, if (axn + ~xn-1) is odd, 
Typ~et by ,,4A~,.~TEX 
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where a ,~,%6 E {-1,  1} and x- l ,xo E Z, is eventually periodic in all cases except when either 
a=B=7=6=l  or -a=B=-7=6=l .  
Furthermore, the only possible periods of solutions of equation (3) are 1, 2, 3, 4, 5, 6, 8, or 10. 
Finally, we should mention the so-called (3x + 1) conjecture according to which every solution 
of the difference quation 
{ x_.~n 
2 '  
Xn+l  = 3x. + 1 
2 
if x .  is even, 
~ ,  if zn is odd, 
n = 0,1 , . . . ,  (4) 
with the initial condition x0 being a positive integer, is eventually equal to the two cycle {i, 2}. 
If x0 is allowed to be an integer, then every solution of equation (4) is eventually equal to a cycle 
of length 1, 2, 3, or 11. For more information, see [3]. 
2. MAIN  RESULTS 
The mMn results about equation (1) are included in the following theorem. 
THEOREM I. Assume that the parameter A and the initial conditions x-1 and zo are nonzero 
real numbers. Then every solution of equation (I) is eventually periodic with period 2, 3, or 4. 
More precisely, the following are true. 
(i) Assume that A < O. Then every solution of equation (1) is eventually periodic with period 
two and is of the form {p, 1/p}, for some positive number p which depends on A and the 
initial conditions x_ 1 and Xo. 
(ii) Assume that A > 0 and the initial conditions x-1 and xo are not both negative numbers. 
Then every solution of equation (1) is eventually periodic with period 
(a) 2 irA e (0, 1), 
(b) 3 i fA=l ,  
(c) 4 i rA e (1, co). 
Off) Assume that A > 0 and the initial conditions X-1  and x 0 &re both negative numbers. 
Then every solution of equation (1) is negative and eventual/y periodic with period 
(a) 2 / f  A e (1, co), 
(b) 3 f fA  = 1, 
(c) 4 / fA  e (0, 1). 
PROOF. 
(i) It is easy to see that in this case, every solution of equation (1) is eventually positive. Hence, 
equation (1) eventually becomes 
1 
Xn+l  = ~,  
Xn  
from which the result follows. 
(ii) In this case also, every solution of equation (1) is eventually positive, and so without loss of 
generality, we will assume that X-l,XO E (0, co). 
(a) Set xn = A t ' .  Then equation (1) becomes 
~/n+l = min{-vn,  I - Yn-i}, n = 0, I , . . . ,  (5) 
where y_ 1,Yo are real numbers. 
Let S = {(a,~) : ~ = -cx, -1 /2  _< c~ <_ i /2} and L = {(~,~) : ~ = -~,  t~ E R}. Set 
Y-x = a and V0 =8. 
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Case I. (c~,/3) E S. Then one can see that every solution of equation (5) is periodic with 
period two of the form {c~, -a}. 
Case II. (c~,/3) ~ S. Now, we claim that after a finite number of iterations the orbit of the 
solution will intersect with L. Clearly, every solution of equation (5) oscillates and so 
without loss of generality, we may assume that ~ > 0 and/3 < 0. Then the solution 
takes one of the following forms: 
a,/3,-/3,..., 
oL,/3, 1 - c~, c~ - 1 , . . . ,  
c~,/3, 1 - a, 1 -/3,/3- 1, . . . .  
Note, that in each case the orbit of the solution has intersected with L. It remains to 
show that if the solution starts on (L - S), then eventually its orbit will be on S. To this 
end, let (a,/3) E (L - S). Then the solution is {c~,-c~,l - a,c~ - 1,1 - c~,...}. Note, 
that (a, -a) E L and (a - 1, 1 - c~) E L and the distance between these two points is v~. 
Furthermore, the point (c~ - 1, 1 - a) is closer to S than the point (c~, -c~). So, after a 
finite number of iterations, the orbit of the solution will be on S. 
(b) It is easy to see that every solution of equation (1) contains two consecutive terms both 
~ 1. So, it suffices to consider the case when x-1 ~ 1 and x0 _~ 1. Then clearly the 
solution becomes either 
(X_I,Xo, xl_I,X_I,X_I, 1 ) { 1 1 } ,~ -1 , ' '  • o r  X - I ,X0 , - - ,X0 ,X0 ,  - - , .  • • , 
X_ 1 X0 X0 
and so in either case the solution is periodic with period three. 
(c) Let xn = A u~+l/2. Then equation (1) becomes 
~n+l -~- max{-1 - Yn, -Yn-1}, n = O, 1, . . . ,  (6) 
where Y-I and Y0 are real numbers. It is easy to see that every solution of equation (6) 
contains two consecutive nonnegative terms. 
Let B = {(a,/3) : I~ I + 1/31 < i} and T = {(a,/3) :/3 = -a  - I, ~ < 0}. Set Y-1 = O~ 
and Y0 =/3. 
Case I. (a,/3) E B. Then one can see that every nontrivial solution of equation (6) is periodic 
with period 4 of the form {a,/3, -a, -/3}. 
Case II. (a,/3) ~ B. We now claim that after a finite number of iterations, the orbit of 
the solution will intersect with T. To see this, without loss of generality assume 
that a > 0 and/3 ~ 0. Then the solution becomes either {a, /3, -a, c~ - i .... } or 
{a,/3, - I  -/3,... } which proves our claim. 
Finally, observe that if (a,/3) E (T -B) ,  then a < -1 and the solution is 
{cx , -1  - cx , -a ,  1 +a, -2 -  a , . . .  } .  
Note, that (I + a, -2 - c~) E T and the distance between (a, - i  - c~) and (i + ~, -2 - c~) 
is v~. Furthermore, the point (1 + a, -2 - a) is closer to B than the point (a,-1 - a). 
Hence, after a finite number of iterations, the orbit of the solution will be in B. 
(iii) In this case, the change of variables xn = -Yo reduces equation (1) to 
Yn+1=min( ln' yn_A },1 n=O, l , . . . ,  
with positive initial conditions. The remaining part of the proof is similar to that given in part (ii) 
and will be omitted. | 
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REMARK. It is interesting to note that the more general equation 
X,+l -- max , , n---- 0 ,1 , . . . ,  (7) 
Xn-1 
where a, A, and the initial conditions x-s  and x0 are nonzero real numbers, does not have the 
property that every solution is eventually periodic. In fact, if a = -1  and A = -2 ,  then the 
solution with the initial conditions x-1 -- 2 and x0 = -1 /2  is unbounded and is given by 
2, ~ ,  2, . . .  ,2n, ~nl,2n,. .  •• 
In general, one can show that if a and A are both negative and not equal, then every solution of 
equation (7) with initial conditions in R - (0} is unbounded. 
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